The Lambert-W explicit solutions to the QCD renormalization group (RG) equation are considered up to fourth order in the M S scheme. We compare, systematically, these solutions with the conventional asymptotical (iterative) approximations and with the exact numerical solutions to the RG equation in the domain with three quark flavours. Applications of these solutions in analytic perturbation theory (APT) are discussed. Using these (Lambert-W, asymptotical and exact numerical) solutions we reconstruct the expansion functions for the non-power APT series in the space-and time-like regions. These expansion functions are examined in the infrared region. It is shown that the Lambert-W solutions provide the excellent accuracy.
Introduction
Recently, in works [1, 2] the exact explicit 2-loop solution to the QCD renormalization group (RG) equation was considered. This solution is given by
, where ζ = − 1 eb 1
f denotes the number of active quark flavours at the energy scale Q, β k is the kth order coefficient of the QCD β-function, b 1 = β 1 /β 2 0 , Λ ≡ Λ M S is the conventional QCD parameter and W (ζ) is the Lambert W function. The branches of W are denoted W k (ζ), k = 0, ±1, . . . . An exhaustive review of the Lambert-W function may be found in Ref. [3] . In our notations the RG equation has the form
with the normalization condition α s (µ 2 , f ) = g 2 /(4π), where µ is the renormalization point and g is the gauge coupling of QCD. In the class of schemes where the beta-function is mass independent β f 0 and β f 1 are universal
the results for β f 2 [4] and β f 3 [5] in the modified M S (M S) scheme are (5) Here ζ is the Riemann zeta-function (ζ 3 = 1.202056903...).
Using (1) the analytical continuation of the coupling in the complex Q 2 plane has been performed [1, 2, 6 ] (see also papers [7, 8] ). Afterwards, in paper [9] , a higher order running coupling (in arbitrary a Tbilisi Mathematical Institute, 380093 Tbilisi, Georgia, E-mail: magr@rmi.acnet.ge. b Here Q 2 = −q 2 and Q 2 > 0 in the Euclidean domain.
M S-like renormalization scheme) was expanded in powers of the scheme independent explicit twoloop coupling (1) c
then, a new method for reducing the scheme ambiguity for the QCD observables was proposed. A similar expansion (motivated differently for an observable depending on a single scale) has been suggested in [10] . The exact solution (1) and the approximation (6) proved to be useful in the dispersive (analytic) approach to perturbative QCD. The dispersive approach [11, 12, 13, 14, 15, 16] has been devised to extend the appropriately modified perturbation theory calculations towards the low-energy frontier. In work [15] a particular version of the analytic approach, the analytic perturbation theory (APT), was suggested. According to this approach the standard perturbative series in powers of the running coupling α s (Q 2 ) are replaced by a novel, non-power series. The individual terms of these series (determined by the functions A n (Q 2 )) provide the rigor momentum-plane analyticity properties for the expanded quantity itself. APT has several (phenomenological) advantages over the conventional perturbation theory even for moderate energies in the five-flavour region [17, 18, 19] . A striking feature of the non-power expansions in APT is that they exhibit improved convergence properties as compared with the standard perturbation theory [15, 18, 19] . Thus, the large π 2 -contributions to the expansion coefficients of time-like observables, inherent in standard perturbation theory [22, 23] , are automatically summed in the individual terms of the non-power series. For various phenomenological and theoretical consequences obtained within APT we refer to works [18, 20] .
In works [8] and [24] the Euclidean and Minkowskian sets of functions d {A n (Q 2 )} and {A n (s)} have been explicitly constructed. The Lambert-W solutions (1) and (6) were used. The results, up to third order, were given in a compact form. Thus, the integrals for the time-like set of functions (see below formula (18)) were analytically performed. For both sets of the functions an elegant equations have been derived; in the 2-loop case [8] and afterwards, also, in all orders of perturbation theory [24] . These equations generalize the one loop equations obtained previously in works [19] . Thus functions A (k) n satisfy the equations
Global variants of these functions with the quark threshold effects have been also reconstructed [17, 18, 8, 24] . In this paper we estimate accurateness of the explicit Lambert-W solutions (6) and the conventional asymptotical approximations (see below formula (13)) at low scales. We keep in mind applications of these solutions in conventional and analytic perturbation theories. As a standard for comparison the "exact" numerically determined running coupling is used. In sect. 2, we present relevant formulas for the running coupling up to 4-loop order and give numerical results obtained from the approximate and exact solutions. In sect. 3, we present theoretical formulas for the spacelike and timelike "analytic" images of powers of the running coupling (the functions A n (Q 2 ) and A n (s)). To reconstruct these functions, the Lambert-W as well the asymptotical solutions are applied. In the infrared region we give numerical results obtained from these approximations to the images, together with the "exact" results obtained by using a numerical method. Sect. 4 contains conclusions.
c here and hereof we omit the argument f . d i.e. the functions of the Euclidean and Minkowskian arguments.
The Lambert-W solutions vs the asymptotical solutions
In practice, it is sufficient to retain the first few terms in the expansion (6) . Then the approximation to the coupling reads
where k = 3, 4 . . . and c
2 is arbitrary; this reflects the arbitrariness in the definition of the Λ parameter. The conventional M S definition of Λ [25] corresponds to c 
The coefficients have been calculated with symbolic manipulation system Maple V (release 5). It is convenient to apply the system Maple V to carry out numerical calculations, when using analytical expressions for A n (Q 2 ) and A n (s) determined in terms of the Lambert W-function (see below). Maple has an arbitrary precision implementation of all branches of the Lambert-W function. On the other hand, for numerical problems professional FORTRAN compiler is preferable. This allows one to reduce the necessary computer time. However, the Lambert-W function is not available in standard FORTRAN libraries. To avoid this obstacle, one may integrate numerically the RG equation in the complex Q 2 -plane, instead of using the Lambert-W solutions. To the kth order the implicit solution to the RG equation is given by [26] ln
where we introduce the quantities a s (
) and
. In the 3-and 4-loop cases the integral on the right (10) can be done. In the 3-loop case Eq. (10) takes the form
where
and ∆ (3) = 4b 2 − b 2 1 . Formula (11) is valid only for ∆ (3) > 0 (in the M S scheme, for f = 3, ∆ (3) ≈ 2.91). In the 4-loop case the result is more complicated
where we denote
Formula (12) has been obtained under the assumptions δ > 0 and √ δ > q/2 (in the M S scheme, for f = 3, √ δ − q/2 ≈ 0.003). In work [27] , the 3-loop Eq. (11) has been numerically integrated in the complex Q 2 plane. In this way the spectral densities were numerically calculated. Evidently, from the technical point of view, this approach is more complicated than using the Lambert-W solutions. Strictly speaking, the mathematical conditions for use of this method should be considered, i.e. the analytical structure of the coupling should be established. In a mathematically rigor manner this task has been performed only in the 2-loop case [1, 2, 6] . Nevertheless, in this article, we shall use this method too, up to fourth order in APT.
In QCD practitioners use asymptotical (iterative) solution to the RG equation. It is presented in the form of the asymtotical series [28] 
. The first line of Eq. (13) includes the 1-and 2-loop contributions to the coupling, the second line is the 3-loop correction and the third line is 4-loop correction. In the 3-loop case, coupling (13) has been frequently used in APT for calculation several spacelike and timelike observables [27, 29] . On the other hand, for small momentum transfer the approximant (13) differs, significantly, from the exact numerical solution to the RG equation (see Table 1 ). In fact, formula (13) is valid for L ≫ 1. Therefore, application of (13), within infrared region, requires a justification.
Throughout in this paper we consider QCD with f = 3 active flavours. For the QCD parameter we take the reference value Λ M S = 0.400 GeV uniformly for all approximants to be considered. One could use a more sophisticated method for the comparison. Evidently, this can have a little effect on the final results.
In Table 1 , we compare the Lambert-W solution (8) to third order (with N tr = 5) e and the asymptotical solution (13) (to second and third orders) with the 3-loop "exact" numerical coupling α 
num ) * 100, k = 2, 3. The best accuracy is achieved by the Lambert-W approximant α (3) ts .
e The corresponding coefficients c (3) n can be read from (9) setting β3 = 0. In Table 2 , we summarize the results obtained from the 3-and 4-loop couplings. α as (with k=3,4) refers to the asymptotical coupling (13) at the 3-and 4-loop orders. We see again, that the best accuracy achieved by α (4) ts . Curiously, in this region, the 3-loop asymptotical coupling α (3) as gives a better approximation to the exact 4-loop coupling than α (4) as . In Table 3 we give the percentage deviations of the Lambert-W approximations (8) to fourth order (with N tr =4,6,9) from α (4) num . We see, that the approximation (8) is gradually improved when N tr increases. The convergence of the series (6) worsens only close to the Landau singularity (in the 4-loop case the Landau singularity occurs at Q (4) L ≈ 1.773Λ M S ≈ 0.709 GeV for f = 3 and Λ M S = 0.400 GeV ). In Figure 1 we plot the "exact" numerical coupling α 
The Euclidean and Minkowskian expansion functions
For the reader's convenience here we briefly summarize main aspects of APT. Let D(Q 2 ) be Adler D-function related to some timelike process. It has the asymptotic expansion in powers of a running coupling 
as and α (2) as from the exact (numerical) 3-loop coupling α here D 0 is a process dependent constant. In APT, the same quantity should be presented in the form of a nonpower asymptotic expansion as
where A n is the "analyticized nth power" of the coupling in the spacelike region. This is determined through the spectral representation
where the spectral function is defined as
Λ on the right of (16) denotes the QCD scale parameter andρ n (t) ≡ ρ n (σ) with t = ln( σ Λ 2 ). Let R(s) be the physical quantity reconstructed through D(Q 2 ) in the timelike domain (notable examples are R e + e − = σ(e + e − → hadrons)/σ(e + e − → µ + µ − ) and
Then, in APT it has the representation [20]
The timelike set of functions {A n (s)} is defined by the formula [21]
We see, that the spectral functions corresponding to powers of the coupling are of special importance. For 0 < f ≤ 6, the spectral function corresponding to the nth power of the coupling (1) reads [6, 8] 
as and α
as vs the 4-loop"exact" numerical coupling α (4) num . Percentage deviations of these approximants from α (4) num are given. one may rewrite the spectral function (19) in the equivalent form, in terms of the branch W −1 , using the symmetry property W k (z) = W −k (z) [3] . Thus, we find
where z 1 (t) = z(t). The spectral function corresponding to the coupling (8) then is
this gives the following representations for the first expansion functions
ts,n (s), analogical formulae hold for the functions with a higher index. In practice integral (16) should be regulated. In Ref [8] following formula has been derived
where A n (Q 2 , R) denotes the integral (16) taken over the finite interval −R 1 ≤ t ≤ R, functions A n , n = 1, 2 . . ., are defined in (18) andQ 2 = Q 2 /Λ 2 . For sufficiently large values of R, when Q 2 exp(−R)/R 1+n ≪ 1, the contributions of order e −R can be omitted. So that the extra term A n (Λ 2 e R ) compensates main error emerging because of truncation of the integral on the upper bound. Formula (21) enables us to achieve a good numerical precision even for moderate values of the cutoff R. In the region t → −∞ the integrand decreases rapidly, so that we can take R 1 < R. To achieve a good numerical precision it suffices to limit the integral to the region −20 < t < 1000. [3] . Using this technique, in work [8] (see also papers [24, 30] ) the following expressions have been obtained
The Minkowskian functions with a higher index are easily determined by using the recursion formula
obtained in paper [8] . So far as the asymptotical solution (13) is concerned one may use the following formula
where L ≡ L(Q 2 ) = ln(Q 2 /Λ 2 ), m and n are positive numbers. We can write, for σ > 0,
and n (Q 2 ) and A (2) as,n (Q 2 ), for n = 1, 2, as a function of the momentum transfer Q 2 . Λ f =3 = 0.400 GeV . as,n (s) (for n = 1, 2) as a function of the energy scale Evidently, the function L −n ln m L for m, n > 0 satisfies the Kallen-Lehmann representation. Let ρ(σ, m, n) be the corresponding spectral density. Combining (24) and (25) we readily derive the following formula
Formula (26) allows one to derive explicit expressions for the spectral functions corresponding to the asymptotical coupling (13) (and to its positive powers) in various orders of perturbation theory.
Thus, we have
as,1 (σ) = ρ (2) as,1 (σ) + 1
To reconstruct the timelike analytic images of the powers of the coupling (13) we define the auxiliary quantities
In the case s > Λ 2 , one may change the integration variable in (28) according u = arcsin(π/R σ ). We thus find the representation
here use has been made of (26) . For 0 < s < Λ 2 , the analogical formula can be written. In the most cases of practical interest the integrals (29) can be performed in terms of elementary functions. Using (29) , for example, in the 2-loop case, ifs = s/Λ 2 > 1, we find
where R s = ln 2s + π 2 ands = s/Λ 2 In Table 4 we present numerical results obtained with the Euclidean expansion functions in the 2-loop case. A (2) n (Q 2 ) stands for the Euclidean analytic image of the nth power of the exact explicit 2-loop coupling (1) . The Euclidean analytic images of the powers of the 2-loop asymptotical coupling (the first line in Eq. (13)) are denoted as A (2) as,n (Q 2 ), n = 1, 2 . . .. We examine the first two Euclidean functions (n = 1, 2) in the region with three flavours 0.4 GeV < Q 2 <2.6 GeV . We see, that the errors in the approximations A (2) as,n (Q 2 ) for n = 1, 2 are large. The relative errors are determined as Diff.(%,n)= (1 − A (2) as,n (Q 2 )/A (2) n (Q 2 )) * 100. In Table 5 we give the 2-loop order results obtained with the corresponding Minkowskian expansion functions A (2) n (s) and A (2) as,n (s) for n = 1, 2 in the region 0.4 GeV < √ s < 2.6 GeV . It is seen from the table that the errors (Diff.(%,n)= (1 − A (2) as,n (s)/A (2) n (s)) * 100) in the asymptotical approximants A (2) as,n (s) are too large. In Tables 6 and 7 we estimate the accuracy of the 3-loop order approximants A (3) ts,n (Q 2 ) and A (3) ts,n (s) that are constructed from the truncated series (8) where N tr = 5. In the domain with three flavours, we compare these functions with the "exact" functions A num,n (s). The "exact" functions are reconstructed numerically by solving the transcendental equation (11) in the complex-Q 2 plane. We see, that both (Euclidean and Minkowskian) Lambert-W approximants give the excellent accuracy in the considered region. Beyond this region, these approximations are even more accurate.
In Table 8 , we summarize the numerical results obtained with the 3-loop Euclidean functions A (3) ts,n (Q 2 ) and A (3) as,n (Q 2 ) for n = 1, 2. We take again N tr = 5. The functions A (3) as,n (Q 2 ) correspond to the 3-loop asymptotical coupling. We see that the theoretical errors (Diff.
as,n (Q 2 ) for n = 1, 2 are significantly smaller than those in the 2-loop case. The 3-loop results for the Minkowskian expansion functions are given in Table 9 . We see, that the errors in the approximants A (3) as,n (s) are approximately of the same size as those in the corresponding 3-loop Euclidean expansion functions.
In Tables 10 and 11 , the results obtained in the 4-loop case for the Euclidean and Minkowskian expansion functions are given. A (4) num,1 (Q 2 ) and A (4) num,1 (s) stand for the "exact" numerical functions obtained by solving the transcendental equation (10) (to fourth order) in the complex Q 2 -plane (see Eq. (12)). The functions A (4) ts,1 (Q 2 ) and A (4) ts,1 (s) are reconstructed from the truncated series (8) where N tr = 6. The approximants A (4) as,1 (Q 2 ) and A (4) as,1 (s) correspond to the asymptotical coupling (13) . We reproduce practically exact results with the approximants A as,1 (Q 2 ) and A (4) as,1 (s) lead to the results, also, in fairly good agreement with the exact functions.
Conclusion
The explicit Lambert-W solutions and the conventional asymptotical approximations to the QCD RG equation are compared with one another in the M S scheme up to 4-loop order. These approximations have been carefully examined in the infrared region, where they are expected to be less accurate. As a standard for the comparison we have used the "exact" numerically calculated running coupling. Beyond second order, the Lambert-W approximations were represented as series in powers of the exact 2-loop coupling. We have shown, that the partial sums of these series, with the first few terms, give sufficiently good successive approximations to the "exact" numerical coupling. The required accuracy is achieved by choice of a sufficiently large value for the truncation order N tr , even close to the Landau singularity (see Figure 1) . This was confirmed to third, as well to fourth orders (see Tables 1 and 2 ) f . Note that, at the energy scale of the τ -lepton mass M τ = 1.77 GeV , for Λ = 0.400 GeV , the error in α (4) ts (Q 2 , N ts = 9) is about 0.01%, while the error in α (4) as (Q 2 ), at the same scale, is more sizable; Diff.(%,as)=1.6.
Applications of these solutions in APT are discussed. We have presented convenient theoretical expressions for the Euclidean and Minkowskian analytic images of powers of the running coupling, which are determined in terms of the Lambert-W function (see sect.3). Alternative expressions have been also derived using asymptotical solution (13) . In the 2-loop case, the asymptotical images (i.e. the images of the asymptotical coupling (13) ) are found to lead to large theoretical errors. For example, the errors in the functions A (2) as,1 (m 2 ρ ) and A
as,1 (M 2 τ ) (m ρ = 0.770 GeV and M τ = 1.77 GeV being masses of the ρ mezon and τ -lepton) are found to be 4.6% and 3% respectively. However, we have observed, to third and fourth orders, that the accuracy of the asymptotical Euclidean and Minkowskian approximants is significantly improved. Thus, the errors in A (3) as,1 (s), for s = m 2 ρ and s = M 2 τ , are found to be 0.9% and 0.6% respectively (see Table 9 ). In the 4-loop case, these errors are even smaller; 0.4% and 0.5% respectively (Table 11) .
On the other hand, we have reproduced practically exact results with the Euclidean and Minkowskian images for the Lambert-W coupling (8) to third and fourth orders (see Tables 8,9,10 and 11 ). Another argument in favor to the Lambert-W solutions is that they enable one to derive closed analytic expressions for the time-like observables [24, 30] . Of considerable importance in numerical and analytical calculations are the recursion formulas (7) and (23) which enable one to write compact and clear Maple programs.
f We shall give a mathematical investigation of the convergence properties of the series (6) elsewhere. ts,1 (Q 2 ) reconstructed from the truncated series (8) with N tr = 5 vs the "exact" (numerical) 3-loop function A 
ts,1 (s) corresponding to the truncated series (8) where as,n (Q 2 ) (n=1,2) as a function of the momentum transfer Q 2 . Diff.(%,n)= (1 − A (3) as,n /A (3) ts,n ) * 100. Table 9 : The third order Minkowskian approximants A
ts,n (s) and A
as,n (s) (n=1,2), in the domain with three flavours. Diff(%,n)= (1 − A 
ts,1 (s, N ts = 6) and A
as,1 (s) vs the "exact" numerical function A 
